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A REMARK ON ULRICH AND ACM BUNDLES
KIRTI JOSHI
ABSTRACT. I show that on any smooth, projective ordinary curve of genus at least two and a projec-
tive embedding, there is a natural example of a stable Ulrich bundle for this embedding: namely the
sheaf B1
X
of locally exact differentials twisted by OX(1) given by this embedding and in particular
there exist ordinary varieties of any dimension which carry Ulrich bundles. In higher dimensions,
assuming X is Frobenius split variety I show that B1
X
is an ACM bundle and if X is also a Calabi-
Yau variety and p > 2 then B1
X
is not a direct sum of line bundles. In particular I show that B1
X
is
an ACM bundle on any ordinary Calabi-Yau variety. I also prove a characterization of projective va-
rieties with trivial canonical bundle such that B1
X
is ACM (for some projective embedding datum):
all such varieties are Frobenius split (with trivial canonical bundle).
My eyes are used to sights like these:
I stand between familiar trees.
Theodore Roethke ([13])
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1. INTRODUCTION
LetX be a smooth projective variety over an algebraically closed field k equipped with a projec-
tive embeddingX →֒ Pn andOX(1) the very ample line bundle onX provided by this embedding.
Let E be a vector bundle on X . Then E is an Ulrich bundle if H i(X,E(−i)) = 0 for i > 0 and
Hj(X,E(−j − 1)) = 0 for j < dim(X) (see [3, Proposition 2.1(b)]). It has been conjectured that
Ulrich bundles exists on every projective variety. This is known in very small number of cases (see
([1]) for an excellent survey of this topic). In general the problem of constructing Ulrich bundles
is difficult and many constructions are specific to the sort of variety under consideration and often
provide Ulrich bundles small rank.
Now suppose k has characteristic p > 0. The purpose of this note is to record the following
elementary remark which provides a natural example of a stable Ulrich bundle of large rank on
ordinary curves. A smooth projective curve X over an algebraically closed field is ordinary if
and only if Frobenius map H i(X,OX) → H
i(X,OX) is an isomorphism for all i ≥ 0. Let
Key words and phrases. Frobenius split varieties, ordinary varieties, Calabi-Yau variety, ACM bundles, Ulrich
bundles.
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d : OX → Ω
1
X be the differential. The image B
1
X = d(OX) is a subsheaf of Ω
1
X consisting
of locally exact differentials. As d(f pg) = f pdg one sees that B1X is a locally free subsheaf
B1X ⊂ F∗(Ω
1
X) and one has the fundamental exact sequence
(1.1) 0→ OX → F∗(OX)→ B
1
X → 0.
Thus B1X is locally free of rank p− 1 and degree (p− 1)(g − 1).
My remark is this: ifX is a smooth, projective curve of any genus then E = B1X(1) is an Ulrich
bundle of rank p − 1 for any smooth, projective embedding X →֒ Pn and OX(1) the very ample
line bundle provided by this embedding if and only ifX is ordinary (note that by [7],B1X is a stable
bundle for g ≥ 2). This also provides examples of ordinary varieties of any dimension equipped
with Ulrich bundles (see Theorem 2.1) and in Theorem 2.3 I providemanymore examples of Ulrich
bundles on curves in characteristic p. The bundles B1X plays an important role in the algebraic
geometry of smooth, projective curves: for instance it plays a central role in the work of Michel
Raynaud (see [12]) and Akio Tamagawa on the fundamental groups of smooth projective curves,
notably in Tamagawa’s proof of Raynaud’s conjecture (see [16]). My remark shows that if the
curve is ordinary the syzygies of this bundle are linear (in the sense of [3, Proposition 2.1(d)]) and
suggests that in characteristic p the arithmetic nature of the curve is mirrored in the structure of
syzygy tables of bundles on the curve–a connection which is perhaps not manifestly obvious. In
general i.e. if X is not ordinary, the result is less explicit: there always exists a line bundle L of
degree zero such that B1X ⊗ L(1) is an Ulrich bundle on X .
Recall that a vector bundleE on a smooth, projective varietyX is an ACM bundle (arithmetically
Cohen-Macaulay bundle) if H i(X,E(n)) = 0 for all 0 < i < dim(X) and for all n ∈ Z. In
dimensions greater than one, any Ulrich bundle is an ACM bundle. I do not know if a suitable
twist of B1X is an Ulrich bundle in higher dimensions. In Theorem 3.3 I show that B
1
X is an ACM
bundle on any Frobenius split Calabi-Yau variety (for any embedding of X) and in Corollary 3.7 I
show that if p > 2, X is Calabi-Yau and Frobenius split then B1X is an ACM bundle which is not
a direct sum of line bundles. Finally let me remark that if X is a smooth, projective Calabi-Yau
variety in characteristic p > 0 and X satisfies Kodaira vanishing then F∗(OX) is always an ACM
bundle on X for any projective embedding of X .
It is a pleasure to thank N. Mohan Kumar for correspondence and a number of comments. I
would also like to thank the referee for a number of suggestions in particular I have included
Section 4 which provides examples of varieties satisfying various hypothesis of my theorems at
the referee’s request.
2. ULRICH BUNDLES ON CURVES
For the rest of the paper let k be an algebraically closed field of characteristic p > 0. For k-
schemes X1 (resp. X2) and sheaves E (resp. F ) on X1 (resp. X2) let E⊠F be the tensor product
q∗1(E) ⊗ q
∗
2(F ) where q1 (resp. q2) is the projection from X1 × X2 to the factor X1 (resp. factor
X2).
Theorem 2.1. Let k be an algebraically closed field of characteristic p > 0. Let (Xi,OXi(1))
for i = 1, . . . , m be smooth, projective ordinary curves of genus at least two and each equipped
with projective embedding qi : Xi →֒ P
ni and OXi(1) the very ample line bundle given by this
embedding. Then the bundle
E =
m
⊠
i=1
B1Xi(i)
3is an Ulrich bundle on Y = X1 × X2 × · · · × Xm with respect to the Segre embedding given by
Lm = ⊠
m
i=1OXi(1)
Let me remark that for all g ≥ 1 there is a dense open subset of the moduli of smooth, proper
curves of genus g which parameterizes ordinary curves. So ordinarity is a genericity condition on
curves of genus g ≥ 1.
Proof. Let me first prove this for m = 1. So I have to prove that if X is a smooth, projective and
ordinary curve embedded in projective space X →֒ Pn and OX(1) is the very ample line bundle
given by this embedding thenE = B1X(1) an Ulrich bundle. To prove this it suffices to observe that
Hj(X,E(−1)) = Hj(X,B1X) = 0 for all j ≥ 0 asX is ordinary. Thus B
1
X(1) is an Ulrich bundle
onX for any smooth, projective embeddingX →֒ Pn. Now I prove the general claim by induction
onm. Clearly the result is true form = 1. Suppose the assertion is true for somem−1 ≥ 1. Then
⊠
m−1
i=1 B
1
Xi
(i) is an Ulrich bundle on X1 × · · · ×Xm−1 for Lm−1. Now by ([3, Proposition 2.6])
m−1
⊠
i=1
B1Xi(i)⊠B
1
Xm
(1)(m− 1) =
m
⊠
i=1
B1Xi(i)
is Ulrich bundle onX1 × · · · ×Xm for Lm = Lm−1⊠OXm(1). This proves the theorem. 
Corollary 2.2. Let X →֒ Pn be a smooth, projective curve over an algebraically closed field k of
characteristic p > 0 and OX(1) the very ample line bundle provided by this embedding.
(1) Then B1X(1) is an Ulrich bundle (of rank p− 1 and degree (p− 1)(g− 1)) if and only ifX
is ordinary.
(2) In particular if X is ordinary then X carries a canonical, stable Ulrich bundle: B1X(1).
(3) There always exists a line bundle L of degree zero on X such that B1X ⊗ L(1) is a stable
Ulrich bundle onX .
Proof. The rank and degree calculations are well-known [11] and stability of B1X (ordinarity is not
needed for this) is due to ([7]). The ordinary case is immediate from definitions (of Ulrich bundle
and of ordinarity), indeed observe that H i(X,B1X(1)(−1)) = H
i(X,B1X) for all i ≥ 0 if and only
if X is ordinary, the first assertion is immediate. One sees from [11] that there exists a dense open
subset in Pic (X) consisting of line bundles L of degree zero such thatH∗(X,B1X ⊗L) = 0. Then
E = B1X ⊗ L(1) is a stable Ulrich bundle onX . 
The following result provides many more examples of Ulrich bundles on any smooth, projective
curve.
Theorem 2.3. Let X →֒ Pn be a smooth, projective curve equipped with a projective embedding
andOX(1) the very ample line bundle given by this embedding. SupposeX is ordinary. Then there
is a non-empty dense open subset SU(r,OX) of moduli space of semistable bundles V of rank r
and trivial determinant such that E = B1X ⊗ V (1) is an Ulrich bundle.
Proof. It is sufficient to produce a dense open set of semistable bundles V of rank r such that
B1X ⊗ V has no cohomology. Since this cohomology vanishing is an open condition one may
simply note that the trivial bundle of rank r has this property H i(X,B1X ⊗ O
⊕r
X ) = 0 for i ≥ 0.
This is true by ordinarity ofX . This proves the assertion. 
3. ACM BUNDLES ON FROBENIUS SPLIT VARIETIES
I do not know if B1X is an Ulrich bundle in higher dimensions and this is unlikely to hold in
complete generality even for ordinary varieties. If dim(X) ≥ 2 then one sees from ([2]) that B1X
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is an Ulrich bundle if and only if B1X is ACM bundle and its Hilbert polynomial satisfies some
condition. The Hilbert polynomial condition does sometimes fail to hold (see Remark 4.2) below.
In what follows I will write ωX for the canonical line bundle of X .
Following ([10]) I say that a smooth, projective variety X is Frobenius split if (1.1) splits as a
sequence of OX-modules. For a Frobenius split variety one has H
i(X,B1X) = 0 for all i ≥ 0 (see
[8]).
Recall that a smooth, projective varietyX is ordinary in the sense of ([6]) ifHj(X, d(ΩiX)) = 0
for all i, j ≥ 0 (here d : ΩiX → Ω
i+1
X is the usual differential). Note that any smooth, proper curve
is ordinary in this sense if and only if it is ordinary in the earlier sense).
For a smooth, projective variety X and an ample line bundle L on X , I say that X satisfies
Kodaira vanishing for L if H i(X,Ln) = 0 for all i < dim(X) and all integers n < 0 and that X
satisfies Kodaira vanishing ifX satisfies Kodaira vanishing for any ample line bundle onX .
It was shown in ([10]) that Frobenius split varieties satisfy Kodaira vanishing theorem. Moreover
it was also shown in loc. cit. that Frobenius split varieties also satisfy the following vanishing:
H i(X,L) = 0 for any ample line bundle and any integer i > 0. This will be used in proof of
Theorem 3.1.
Theorem 3.1 shows that for any Frobenius split smooth, projective varietyB1X is an ACM bundle.
Theorem 3.3 provides a characterization of varieties with trivial canonical bundle such that B1X is
an ACM bundle (for some embedding datum (X →֒ Pn,OX(1))): all such varieties are Frobenius
split. By ([8, Proposition 3.1]) Frobenius split varieties with trivial canonical bundles include
ordinary varieties with trivial canonical bundle and hence Theorem 3.3 includes as special cases:
ordinary abelian varieties, ordinary Calabi-Yau varieties. In Theorem 3.7 I show that ifX a Calabi-
Yau variety and p > 2 then B1X is an ACM bundle which is not a direct sum of line bundles.
For examples of varieties satisfying hypothesis of this and subsequent theorems see Section 4.
Theorem 3.1. Let X/k be a smooth, projective and Frobenius split variety and equipped with
OX(1) given by a projective embeddingX →֒ P
n. Then B1X is an ACM bundle on X .
Proof. By (1.1) and ([8, Proof of Theorem 4.2]) one has H i(X,B1X) = 0 for all i ≥ 0. Hence it
remains to prove that for any integer m 6= 0 one has H i(X,B1X(m)) = 0 for 1 ≤ i < dim(X).
By the well-known result of ([10]) one sees that the X satisfies Kodaira vanishing for all ample
line bundles and also H i(X,L) = 0 for all i > 0 for any ample line bundle L on X . Hence one
has in particular that H i(X,OX(m)) = 0 for all m > 0 and 1 ≤ i < dim(X). As X satisfies
Kodaira vanishing one has H i(X,OX(m)) = 0 for 1 ≤ i < dim(X) for all integers m < 0. As
B1X is a direct summand of F∗(OX) (by Frobenius splitting hypothesis) one has B
1
X(m) is a direct
summand of F∗(OX)(m) and hence H
i(X,B1X(m)) = 0 for all m 6= 0 and 1 ≤ i < dim(X)
as this cohomology is a direct summand of H i(X,F∗(OX)(m)) = H
i(X,OX(pm)) = 0 for
1 ≤ i < dim(X). 
The following special case is useful:
Corollary 3.2. Let X →֒ Pn be a smooth, projective, ordinary abelian variety or an ordinary
Calabi-Yau variety equipped with OX(1) given by this embedding. Then B
1
X is an ACM bundle on
X .
Proof. To prove this it suffices to note that by ([8, Proposition 3.1(b)]) any abelian or Calabi-Yau
variety which is also ordinary in the sense of ([6]) is also Frobenius split. So the result is immediate
from Theorem 3.1. 
5The next theorem characterizes varieties with trivial canonical bundles such that B1X is an ACM
bundle: these are precisely Frobenius split varieties with trivial canonical bundle (by ([8]) ordinary
varieties with trivial canonical bundle are also Frobenius split).
Theorem 3.3. Let X/k be a smooth, projective variety satisfying ωX = OX . Then the following
conditions are equivalent.
(1) X is Frobenius split.
(2) For any embedding datum (X →֒ Pn,OX(1)), B
1
X is an ACM bundle on X .
(3) For some embedding datum (X →֒ Pn,OX(1)), B
1
X is an ACM bundle on X .
(4) Hd−1(X,B1X) = 0 with d = dim(X).
Before giving the proof of Theorem 3.3, let me record the following simple observation which
may be of independent interest.
Proposition 3.4. Let X →֒ Pn be a smooth, projective variety equipped with OX(1) given by this
embedding. If E is an ACM bundle on X , then so is F∗(E).
Proof. Suppose E is an ACM bundle for X →֒ Pn. Then H i(X,E(m)) = 0 for 0 < i < dim(X)
and all m ∈ Z. In particular H i(X,E(pm)) = 0 for 0 < i < dim(X) and all m ∈ Z. Then using
the fact that Frobenius is a finite morphism and the projection formula F∗(E(pm)) = F∗(E)(m)
one sees that H i(X,E(pm)) = H i(X,F∗(E)(m)) = 0 for 0 < i < dim(X) and all m ∈ Z. This
proves the assertion. 
Theorem 3.5. SupposeX →֒ Pn is a smooth, projective Calabi-Yau variety equipped with OX(1)
provided by this embedding. Suppose X satisfies Kodaira vanishing for OX(1). Then F∗(OX) is
an ACM bundle onX .
Proof. This follows from the previous proposition. As X is Calabi-Yau H i(X,OX) = 0 for
1 ≤ i < dim(X) and asX satisfies Kodaira-vanishing forOX(1) one sees thatH
i(X,OX(n)) = 0
for all integers n > 0 and i > 0 and Hj(X,OX(m)) = 0 for j < dim(X) and all integersm < 0;
hence H i(X,OX(n)) = 0 for all n ∈ Z and 1 ≤ i < dim(X). In other words OX is an ACM
bundle on X and so by Proposition 3.4 one sees that F∗(OX) is also an ACM bundle onX . 
Proof of Theorem 3.3. The implication (1) =⇒ (2) is immediate from Theorem 3.1.
The implication (2) =⇒ (3) is of course trivial.
The implication (3) =⇒ (4) is also clear: if B1X is an ACM bundle for some embedding datum
(X →֒ Pn,OX(1)) then one has H
i(X,B1X(m)) = 0 for all integersm and 1 ≤ i < d = dim(X).
Hence one has Hd−1(X,B1X) = 0 which proves (3) =⇒ (4).
So it remains to prove that (4) =⇒ (1). So supposeB1X is an ACM bundle. From the well-known
criterion for Frobenius splitting (see [9, Proposition 9]) one knows that X is Frobenius split if and
only if the morphismHd(ωX)→ H
d(ωpX) is injective. Since ωX = OX andB
1
X is an ACM bundle
by hypothesis this follows from (1.1) on taking cohomology:
// Hd−1(X,B1X)
// Hd(X,OX)
F
// Hd(X,OX) // H
d(X,B1X)
// 0.
0
This proves (4) =⇒ (1) and hence this completes the proof. 
Theorem 3.3 has the following useful corollary.
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Corollary 3.6. Let X/k be a smooth, projective abelian or Calabi-Yau variety equipped with
OX(1) given by a projective embeddingX →֒ P
n. Then the following conditions are equivalent.
(1) X is Frobenius split.
(2) B1X is an ACM bundle onX (for the given embeddingX →֒ P
n).
(3) Hd−1(X,B1X) = 0 with d = dim(X).
For an ordinary abelian variety B1X is a direct sum of line bundles (see [15]) on the other hand
my next result shows that ifX is Calabi-Yau and p > 2 then B1X is an ACM bundle which is not a
direct sum of line bundles.
Theorem 3.7. LetX →֒ Pn be smooth, projective abelian or a Calabi-Yau variety with dim(X) ≥
2 and equipped with OX(1) given by this embedding.
(1) If X is a Frobenius split abelian variety (equivalently an ordinary abelian variety) then
B1X is a direct sum of ACM line bundles. In particular any ordinary abelian variety carries
a distinguished finite set of ACM line bundles (for any given embedding datum).
(2) If X is a Frobenius split Calabi-Yau variety and p > 2 then B1X is an ACM bundle which
not a direct sum of line bundles.
Proof. By ([15]) one sees, as X is a Frobenius split abelian variety (equivalently an ordinary
abelian variety), that B1X is a direct of sum line bundles and as B
1
X is an ACM bundle, every
line bundle direct summand of B1X is also ACM and hence one has a distinguished finite set of
ACM line bundles on X which is ACM (for any given embedding datum). This proves (1).
Let me prove (2). The only point which needs to be proved is that B1X is not a direct sum of line
bundles. Suppose B1X is a direct sum of line bundles. Then so is F∗(OX) = OX ⊕ B
1
X . On the
other hand if p > 2, F∗(OX) is a direct sum of line bundles, then as ωX = OX is pseudo-effective,
one sees by ([14, Theorem 5.5]) that X is an abelian variety. But this is a contradiction as X is
Calabi-Yau variety. 
The preceding methods also show that
Theorem 3.8. Suppose X →֒ Pn is a smooth, projective Fano variety which satisfies Kodaira
vanishing. Then F∗(OX) is an ACM bundle on X .
Proof. Recall that any Fano variety which satisfies Kodaira vanishing also satisfesH i(X,OX) = 0
for 1 ≤ i ≤ dim(X). By Proposition 3.4 it is enough to show that OX is an ACM bundle.
Since X is Fano and satisfies Kodaira vanishing one has H i(X,OX(m)) = 0 for all integers
m ≤ 0 and 1 ≤ i < dim(X). Further for any m > 0, by Serre duality and Kodaira vanishing
H i(OX(m)) ≃ H
n−i(ωX ⊗ OX(−m)) = 0 for 1 ≤ i < dim(X) as ωX and OX(−m) are both
anti-ample line bundles. Hence H i(X,OX(m)) = 0 for allm ∈ Z and 1 ≤ i < dim(X) so OX is
an ACM bundle. Hence so is F∗(OX). 
4. EXAMPLES AND REMARKS
Let me provide example of varieties satisfying all the hypothesis of all these theorems. First of
all Frobenius splitting, ordinarity are open conditions (on the base) in any flat family of Calabi-Yau
varieties (see [8]). It is a well-known (see ([5])) that a general hypersurface of degree ≥ 1 (and
even complete intersections) in projective space are ordinary.
Now here is an explicit example of an ordinary Calabi-Yau variety. The Fermat Calabi-Yau
hypersurface in Pn:
xn+10 + x
n+1
1 + · · ·+ x
n+1
n = 0
7is ordinary if p ≡ 1 mod n+ 1. This, together with ([5]) provides examples of ordinary Calabi-
Yau varieties satisfying hypothesis of Theorem 3.5.
Now let me provide an example of Frobenius split hypersurfaces in Pn. By [4] or [10, Proposi-
tion 6] if deg(f) ≤ n+1 then f(x0, . . . , xn) = 0 is Frobenius split if and only if f
p−1 contains the
term a(x0 · · ·xn)
p−1 with a 6= 0.
From this it is immediate that any hypersurface of deg(f) < n + 1 in Pn is always Frobenius
split. This provides examples of Fano varieties satisfying hypothesis of Theorem 3.8.
Now consider the most mathematically visible family of Calabi-Yau hypersurfaces in Pn:
xn+10 + x
n+1
1 + · · ·+ x
n+1
n = λx0 · x1 · · ·xn.
The above criterion shows that this is Frobenius split for general λ if p ≡ 1 mod n+ 1. This
provides examples of Frobenius split, Calabi-Yau varieties satisfying hypothesis of Theorem 3.3.
Finally let me point out ([8]) as a reference for comparison of the two conditions: Frobenius
splitting and ordinarity.
Remark 4.1. Let me point out that there exist Calabi-Yau varieties X which are not Frobenius
split. For such X , by Theorem 3.3, B1X is not an ACM bundle. For example consider the Fermat
quartic surface in P3 given by:
x4 + y4 + z4 + w4 = 0.
For p ≡ 3 mod 4 this is not Frobenius split (in fact X is a supersingularK3 surface).
Remark 4.2. Preceding results lead us to the following questions:
(1) What assumptions on X →֒ Pn are sufficient to ensure B1X is an ACM bundle?
(2) What conditions onX are sufficient to ensure that F∗(OX) is an ACM bundle?
If dim(X) ≥ 2 then any Ulrich bundle is an ACM bundle and also satisfies a strong restriction on
its Hilbert polynomial (see [2]). It appears that this Hilbert polynomial condition is the one which
fails to hold for B1X (and its twists) because this Hilbert polynomial condition is rather restrictive.
For example this already is the case for smooth quartic surfaces in P3 (this is an easy calculation
using ([2])). On the other hand one sees from preceding results that there are interesting classes of
smooth, projective variety for which (1) and (2) have an affirmative answer. But I do not believe
that the list of such varieties which I provide here is exhaustive.
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